Mirror symmetry and big algebras

Taméas Hausel

Institute of Science and Technology Austria
http://hausel.ist.ac.at

Math Summer Workshop Moduli
Simons Center of Geometry and Physics, Stony Brook
July 2024

I I I F Institute of
Science and
Technology

Der Wissenschaftsfonds. Austria


http://hausel.ist.ac.at
http://ist.ac.at/
http://ist.ac.at/

Mirror Symmetry



Mirror Symmetry

@ phenomenon first arose in various forms in string theory



Mirror Symmetry

@ phenomenon first arose in various forms in string theory

@ mathematical predictions (Candelas, delaOssa, Green, Parkes
1991)



Mirror Symmetry

@ phenomenon first arose in various forms in string theory

@ mathematical predictions (Candelas, delaOssa, Green, Parkes
1991)

@ mathematically



Mirror Symmetry

@ phenomenon first arose in various forms in string theory

@ mathematical predictions (Candelas, delaOssa, Green, Parkes
1991)

@ mathematically it relates the symplectic geometry of a
Calabi—Yau manifold X9



Mirror Symmetry

@ phenomenon first arose in various forms in string theory

@ mathematical predictions (Candelas, delaOssa, Green, Parkes
1991)

@ mathematically it relates the symplectic geometry of a

Calabi—Yau manifold X to the complex geometry of its mirror
Calabi-Yau Y¢



Mirror Symmetry

@ phenomenon first arose in various forms in string theory

@ mathematical predictions (Candelas, delaOssa, Green, Parkes
1991)

@ mathematically it relates the symplectic geometry of a
Calabi—Yau manifold X to the complex geometry of its mirror
Calabi-Yau Y¢

o first aspect is the topological mirror test



Mirror Symmetry

@ phenomenon first arose in various forms in string theory

@ mathematical predictions (Candelas, delaOssa, Green, Parkes
1991)

@ mathematically it relates the symplectic geometry of a
Calabi—Yau manifold X to the complex geometry of its mirror
Calabi-Yau Y¢

o first aspect is the topological mirror test hP9(X) = h9=P4(Y)



Mirror Symmetry

@ phenomenon first arose in various forms in string theory

@ mathematical predictions (Candelas, delaOssa, Green, Parkes
1991)

@ mathematically it relates the symplectic geometry of a
Calabi—Yau manifold X to the complex geometry of its mirror
Calabi-Yau Y¢

o first aspect is the topological mirror test hP9(X) = h9=P4(Y)
@ (Kontsevich 1994) suggests homological mirror symmetry



Mirror Symmetry

@ phenomenon first arose in various forms in string theory

@ mathematical predictions (Candelas, delaOssa, Green, Parkes
1991)

@ mathematically it relates the symplectic geometry of a
Calabi—Yau manifold X to the complex geometry of its mirror
Calabi-Yau Y¢

o first aspect is the topological mirror test hP4(X) = h9P9(Y)

@ (Kontsevich 1994) suggests homological mirror symmetry
DP(Fuk(X, w)) = DP(Coh(Y, 1))



Mirror Symmetry

@ phenomenon first arose in various forms in string theory

@ mathematical predictions (Candelas, delaOssa, Green, Parkes
1991)

@ mathematically it relates the symplectic geometry of a
Calabi—Yau manifold X to the complex geometry of its mirror
Calabi-Yau Y¢

o first aspect is the topological mirror test hP9(X) = h9=P4(Y)

@ (Kontsevich 1994) suggests homological mirror symmetry
DP(Fuk(X, w)) = DP(Coh(Y, 1))

@ (Strominger, Yau, Zaslow 1996) suggests a geometrical
construction



Mirror Symmetry

@ phenomenon first arose in various forms in string theory

@ mathematical predictions (Candelas, delaOssa, Green, Parkes
1991)

@ mathematically it relates the symplectic geometry of a
Calabi—Yau manifold X to the complex geometry of its mirror
Calabi-Yau Y¢

o first aspect is the topological mirror test hP9(X) = h9=P4(Y)

@ (Kontsevich 1994) suggests homological mirror symmetry
DP(Fuk(X, w)) = DP(Coh(Y, 1))

@ (Strominger, Yau, Zaslow 1996) suggests a geometrical
construction how to obtain Y from X



Mirror Symmetry

@ phenomenon first arose in various forms in string theory

@ mathematical predictions (Candelas, delaOssa, Green, Parkes

1991)

mathematically it relates the symplectic geometry of a
Calabi—Yau manifold X to the complex geometry of its mirror
Calabi-Yau Y¢

first aspect is the topological mirror test hP9(X) = h9-PA(Y)

@ (Kontsevich 1994) suggests homological mirror symmetry

DP(Fuk(X, w)) = DP(Coh(Y, 1))

(Strominger, Yau, Zaslow 1996) suggests a geometrical
construction how to obtain Y from X

many predictions of mirror symmetry have been confirmed



Mirror Symmetry

@ phenomenon first arose in various forms in string theory

@ mathematical predictions (Candelas, delaOssa, Green, Parkes
1991)

@ mathematically it relates the symplectic geometry of a
Calabi—Yau manifold X to the complex geometry of its mirror
Calabi-Yau Y¢

o first aspect is the topological mirror test hP9(X) = h9=P4(Y)

@ (Kontsevich 1994) suggests homological mirror symmetry
DP(Fuk(X, w)) = DP(Coh(Y, 1))

@ (Strominger, Yau, Zaslow 1996) suggests a geometrical
construction how to obtain Y from X

@ many predictions of mirror symmetry have been confirmed -
no general understanding yet
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@ (Hausel, Thaddeus 2003) topological mirror symmetry:
Est(Mpgr,) = Est(Msy,) stringy Hodge numbers agree
proved forn = 2,3
"topological shadow of equivalence of derived categories of
coherent sheaves”

@ (Hausel 2013) ~» proposes attack on topological mirror
symmetry using (Ngd 2010)’s techniques on the cohomology
of the Hitchin fibration in his proof of Langlands—Shelstead
fundamental lemma

@ (Grochenig, Wyss, Ziegler 2020) prove topological mirror
symmetry for all n using p-adic integration

@ (Gréchenig, Wyss, Ziegler 2020) reprove (Ngb 2010)’s
geometric stabilisation with p-adic integration

@ (Maulik, Shen 2021) prove topological mirror symmetry using
(Ng6 2010)’s techniques



(Classical limit of) Homological mirror symmetry



(Classical limit of) Homological mirror symmetry

@ (Kapustin—Witten 2007) derive (Kontsevich 1994) homological
mirror symmetry from S-duality in 4D N=4 SUSY Yang—Mills



(Classical limit of) Homological mirror symmetry

@ (Kapustin—Witten 2007) derive (Kontsevich 1994) homological
mirror symmetry from S-duality in 4D N=4 SUSY Yang—Mills

KW

HMS
S: D2, (Mpr(G)) = Fuk(Mpr(G¥)) = D}_,.q

coh

(BUnGV)



(Classical limit of) Homological mirror symmetry

@ (Kapustin—Witten 2007) derive (Kontsevich 1994) homological
mirror symmetry from S-duality in 4D N=4 SUSY Yang—Mills

HMS KW
S:D2,(Mpr(G)) = Fuk(Mpr(G")) = DJ_,..,(Bungv)

coh

GLC
© ~ Db, (Mpr(G)) =



(Classical limit of) Homological mirror symmetry

@ (Kapustin—Witten 2007) derive (Kontsevich 1994) homological
mirror symmetry from S-duality in 4D N=4 SUSY Yang—Mills

KW

(Mpr(G)) 2 Fuk(Mpr(G¥)) & Db

. pb
S:D D-mod

coh

(BUnGV)

GLC

o ~ DY (Mpr(G)) = Dp

D—mod(BunGV )



(Classical limit of) Homological mirror symmetry

@ (Kapustin—Witten 2007) derive (Kontsevich 1994) homological
mirror symmetry from S-duality in 4D N=4 SUSY Yang—Mills

HMS KW
S:D2,(Mpr(G)) = Fuk(Mpr(G")) = DJ_,..,(Bungv)
GLC
(] MDgoh(MDR(G)) = Dg_mod(Bungv)

Geometric Langlands Corr. of (Beilinson—Drinfeld, 1995)



(Classical limit of) Homological mirror symmetry

@ (Kapustin—Witten 2007) derive (Kontsevich 1994) homological
mirror symmetry from S-duality in 4D N=4 SUSY Yang—Mills

HMS KW
S:D2,(Mpr(G)) = Fuk(Mpr(G")) = DJ_,..,(Bungv)
GLC
(] MDgoh(MDR(G)) = Dg_mod(Bungv)

Geometric Langlands Corr. of (Beilinson—Drinfeld, 1995)
@ (Donagi, Pantev 2012) explain classical limit of HMS:



(Classical limit of) Homological mirror symmetry

@ (Kapustin—Witten 2007) derive (Kontsevich 1994) homological
mirror symmetry from S-duality in 4D N=4 SUSY Yang—Mills

HMS Kw
S:D2,(Mpr(G)) = Fuk(Mpr(G")) = DJ_,..,(Bungv)
i/l—>0 CLHMS =0
S: D(I:Joh(MG) = Dgoh(MGv)
GLC
o ~ Dgoh(MDR(G)) = Dg_mod(Bungv)

Geometric Langlands Corr. of (Beilinson—Drinfeld, 1995)

@ (Donagi, Pantev 2012) explain classical limit of HMS:

CLHMS
S: D(t:)oh(MG) = Dgoh(MGv)



(Classical limit of) Homological mirror symmetry

@ (Kapustin—Witten 2007) derive (Kontsevich 1994) homological
mirror symmetry from S-duality in 4D N=4 SUSY Yang—Mills

HMS KW

S:D2,(Mpr(G)) = Fuk(Mpr(G")) = DJ_,..,(Bungv)
iﬂﬁo CLHMS o0
S:DP, (Mg) = DP . (Mgv)
GLC

o ~ Dgoh(MDR(G)) = Dg_mod(Bungv)

Geometric Langlands Corr. of (Beilinson—Drinfeld, 1995)
@ (Donagi, Pantev 2012) explain classical limit of HMS:
CLHMS
S: D(t:)oh(MG) = Dgoh(MGv)

generically as Fourier—Mukai transform



(Classical limit of) Homological mirror symmetry

@ (Kapustin—Witten 2007) derive (Kontsevich 1994) homological
mirror symmetry from S-duality in 4D N=4 SUSY Yang—Mills

HMS KW

S:D2,(Mpr(G)) = Fuk(Mpr(G")) = DJ_,..,(Bungv)
¢ CLHMS 0
S: Dcoh( ) = Dgoh(MGV)
6Le

o~ Dgoh(MDR(G)) = DB mod(Bunc;v)

Geometric Langlands Corr. of (Beilinson—Drinfeld, 1995)

@ (Donagi, Pantev 2012) explain classical limit of HMS:
CLHMS

S: Dgoh( G) D goh (Mgv)

generically as Fourier—Mukai transform

coh(h ( )) = Dgoh(h_1(a)v)



(Classical limit of) Homological mirror symmetry

@ (Kapustin—Witten 2007) derive (Kontsevich 1994) homological
mirror symmetry from S-duality in 4D N=4 SUSY Yang—Mills

HMS KW

S:D2,(Mpr(G)) = Fuk(Mpr(G")) = DJ_,..,(Bungv)
¢ CLHMS 0
S: Dcoh( ) = Dgoh(MGV)
6Le
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Geometric Langlands Corr. of (Beilinson—Drinfeld, 1995)

@ (Donagi, Pantev 2012) explain classical limit of HMS:
CLHMS

S: Dgoh( G) D goh (Mgv)

generically as Fourier—Mukai transform

D2, (hg'(a)) 2 D, (hg'(a)") = D2, (hg!(a))
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o (Kapustin—Witten 2007) proposes t'Hooft and Wilson
operators; in the classical limit:
HE - coh(MG) — Dé’oh(MG) Hecke operator (B,A,A)

(W/é coh (MGV) - D coh(MGv)

F = F @ pu(EY)e
ceC;ue X (G) = X’ (G") dominant cocharacter;
pu : GY — GL(V*) u-highest weight representation;
EY universal GV-bundle on Mgv x C

o intertwine S: H: o S = So W,

o testfor Oy, € D2, (Mgv):
He (S(Ougy ) = He (O ) = S(We(Ouig ) = S(p#(E)o)
@ the Hecke transform of the Hitchin section Wg(OWJ) is
supported at a union of Lagrangian upward flows
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o M:= MPGLn E) (E,q)); (O Endo(E) ® Kc
h: M - A:=HY(KZ)x---xH(KD)
(E,®) — det(x — ®)
o C*CM by (E,®) — (E, A9); semiprojective:

@ M projective
@ lim;_0 A& exists for every & e M

0 EeM™ ~ Wi = (F € M|lim_o AF = &} upward flow

@ (Bialynicki-Birula 1973): Wg C M locally closed = TgM

0 1*(w) = dw~ W7 c (M, w) is Lagrangian

© M= [lgepe Wg-

o &eM"" very stable & W, closed & Pl WS — A proper

Hitchin map

@ Motivating Problem: find coordinates s.t.
hg == hlwg : Wg — A

becomes explicit!
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@ (Pedn-Nieto 2023) ~» class. generic very stable (Vi & Vo, ®12)
°© Ep:=0coK;'---aK,"

© a=(ap...,an) € A=H(K3)x---x H(KZ)

10.. 02,4

00.. 0 an
b, = ( ) : Eg — EgK¢ companion matrix

0..10 a
0..1 0

&Eo = (E(;, ®g) € M©" canonical uniformising Higgs bundle
upward flow W," = {(Eo, ®4)}a Hitchin section = very stable
ceC,Ex:=0coK;'. oK (c)e. K. (c),

k

0.0 .0
1.0 .0

sc € H(Oc(c)), ¥« 2(0 0) Ex — ExKc
6. 1o
Theorem (Hausel-Hitchin 2022)
&k := (Ek, ) is very stable.
@ proof by noticing W, := W = Hg* (W)
wk kth fundamental character of SL,, minuscule
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o multiplicity algebra of hg = (hy,...hy) : CN = Wi — A = CN:
Qps = CIW 0 171 (0)] = CIW 1/ (A" (o)) =
C[X1,...,XN]/(h1,...,hN)
notion due to (Arnold et al. 1982)
dim(Qp,) < oo & hg is proper & W, c M, closed
e WS nh7'(0) = {&} & & very stable
in this case mg := dim(Qp,) is the multiplicity of h;'(0)
as hg is C*-equivariant ~» C*CQh, ~ Qn, = Py, Qf sit.
o Q' = CJac(he)
° Q,",S X Q,’];"' - Q,’]; nondegenerate ~» Poincaré duality ring

e o

: iovei o xex(Sym(TSY) . . .
° Zi:dlm(th)t = oEme) = Me(t)€N[t] monic, palindromic

equivariant multiplicity of (Hausel-Hitchin, 2022)

Problem: can we determine Qp, explicitly?
(Hitchin 2022) ~» Qp,, for & = (E,0) rank 2, genus 2,3
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@ G complex reductive; EG — BG universal principal G-bundle;
H,:=H"(BG; C) = C[g]° = C[{]V

o GC X variety; Xg := X x EG/G Borel quotient;
H;(X; C) :== H*(Xa: C) equivariant cohomology H,-algebra

e equivariantly formal & H;(X; C)o = H*(X; C) & H;(X) is free
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The Hitchin map on the minuscule upward flow W,:L is modelled on
spectrum of PGL,-equivariant cohomology of the Grassmannian
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he | a l
A -» Spec(HﬁELn)

y

@ proof by fixed point scheme in Gr(k,n) = Gr“* affine Schubert
as in (Hausel-Rychlewicz 2022)

o ~> multiplicity algebra Q, = C[h,'(0)] = H?*(Gr(k,n); C)
(Hausel-Hitchin 2021)
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@ GC X where G reductive X smooth projective regular if all

g € G regular (i.e. dim(Cy(G)) = rank(G)) acts with [X9| < co
@ main examples GC X = G/P partial flag varieties
@ universal vector field V € X(g x X) Vj infinit. action of x € g
@ Z := Zeros(V) c g x X zero scheme

Theorem (Hausel-Rychlewicz, 2022)

GC X regular~> trace map tr: H;(X; C) 5 ¢[Z]C over HZ" = C[q]¢

o Hy = {(Ea. F) € Wy x Gr(k, Eolc) : ale(F) € F} ¢

Hk
W, x Gr(k,Eolc) = W/~

Theorem (Hausel, 2022)

W,;" =H, -» Spec(Hg’("}Ln(Gr(k,n),C))

hx | a l
A - SPCC(HSELH)
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@ generalises to wi ~ for Higgs bundle (E, $) we get medium
Higgs fields M;(®) : K~ — End(A¥(E)) generating an action
of the bundle of algebras C«(E,) = AK(E,) on AK(E) ~
rank 1 module on Spec;(C“*(E4)) minuscule spectral curve
CYF := Specs(C*(Ea)) c K@ K2 @ --- @ KK
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o (Kapustin—Witten 2007) ~ S(o*(EY)¢) = Wg(OW;)

@ when G = PGL, and i = wi € X’ (SLp) fundamental~
Hg"* (Ow:) = Oy sheaf of algebras ~» its mirror AK(EY),
should aquire a bundle of algebra structure along dual Hitchin
section from fiberwise Fourier-Mukai transform

Theorem (Hausel 2022)

Spec(C¥¢) « Spec,v(AK(EY)o) = W, —» Spec(Hzg,., (Gr(k,n),C))
I L l l I
A

I
Spec(Hgl’in) « AY = - Spec(HSELn)

1R

© using (Panyushev 2004)'s C“* = Hg; (Gr(k,n); C)
@ generalises - partly conjecturally - to all u € X;"(G)
@ ~» classical limit of geometric Satake
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@ Gr:= PGLy((2))/PGLj[[z]] affine Grassmannian of PGL,
o Gr* := PGL,[[z]]z# c Gr affine Schubert; Gr“* = Gr(k, n)
@ (Bezrukavnikov—Finkelberg 2008) ~»

Corollary (Hausel 2022)

Hpg, (Gr) = M¥ as Hy, -algebras
El’ldH;G (Gr#)(IHlt‘GLn (GI'H)) =~ CH
IHpq (Gr*) = B as M!-modules

~ graded Hp, -algebra structure on IHgg, (Gr*)

~ multiplicity algebra Q' on lime V% = IH*("W")
Conjecture (Hausel 2022)

|

Spec(B) « Spec (#(BY)) = HA(W,) - Spec(IHiy, (Gr'))

d ! e I
Spec(MH) l W_lf 1 Spec( H%EL,, (Gr"))
) ) ) )

Spec(Hg; ) « AY =~ A - Spec(H35, )
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@ 3~ (Ginzburg, 2008) H*(Gr*) = Mj, as assoc. graded of F
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@ (Hausel-Rychlewicz 2022) computes
H (P") = 8™ (slp) = HZ; (Gr'™)
Bt (o], = Clez, M1]/((M? + n?cp)... (M2 +402)M1) for n even;
(5 2) = \Clea, 1]/ (M2 + n?cy) ... (M2 +9c2) (M2 + cz)) for n odd.
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Figure: SpecB (slp) = SpecHg, , (P*) & SpecB°(sl) ECZSpecHgL2 (P).
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@ (Panyushev 2004) ~» B“1(sl3) = Hgis(Pz) or Cayley-Hamilton

~ B (513) = (C[Cz, Cs, M1]/(M13 + oMy + C3).

. Hi =Clco,c3] — H3, =Clce]

(Cg, C3) = (402,0)

-5

Cg(ho) = —4, C3(h0) =0

Figure: SpecB“1 (sl3), its skeleton and principal spectrum
@ principal spectrum can be identified with up,strange,down
quarks in Gell-Mann’s eightfold way
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@ (Hausel-Rychlewic 2022) ~»
3w ~ |42 ~ |42 213 ~
591 (sl) = HEY (Xau,) = HE; ((F2)°/Ss) =
Mi - BMEMz + 4M2cp — 18My c3 + 3M3 — 6Mac2,
M1 My + M?Cg + 3M1203 - 3Mq Mg + MyMaco + 4My Cg —9Moc3

Clc, c3, My, Mz]/(

S

Figure: skeleton of B3« (5133 over its principal spectrum
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o (Hausel-

Rychlewic 2022) ~»

B (slg) = HEj (X3w1) = Hgp ,((B2)°/Ss) =

Clop, 0o, My, Mo}/ ?i - B6M2 M2+4M202—18M103+3M2 6Moco,
2,3, W, V2 M My + M302 + 3M203 - 3Mq M2 + M1 Moco + 4My 02 —9Moc3
-3/2 -1 —1/2 0 +1/2 -l 32
} t t t 3
N A~ A++
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Q
Figure: particles in baryon decuplet
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@ (Hausel-Rychlewic 2022) ~»
B3 (sl) = HE; (Xe.w1 ) = HE ((P?)°/S3) =
BM2M; + 4M202 - 18Myc3 + 3M3 — 6Mzco,
Clce: ca. M. MZ]/( M?SMZ + MSCZ + 3M203 - 3M4 M2 + M1 Maco + 4My 02 —9Moc3 )
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Figure: skeleton over baryon decuplet
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@ (Hausel-Rychlewic 2022) ~»
83w1(513) H2* (X3w1) ~ H2* ((P2)3/83) ~
?5 M2M2 + 4/\/12 co — 18Myc3 + 3M2 6Moco,
MMz + M3cz + 3M203 - 3M M2 + MiMacy + 4M; c2 - 9Mzcs

S RN NS LI L
e 5

Cleco, c3, My, Mz]/(

Q’s
Figure: skeleton over baryon decuplet

@ ~» relations for I3 = (M:‘)ho ndy =" 2)"° in baryon decuplet

l(Y —1)(42 -3Y -4) =0
1615 — 24EY — 165 +3Y? +6Y =0
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Skeleton of Spec(B“1"*2(sl3)) and baryon octet

@ My :=Dcy/2, Mo := Dc3/2, Ny .= D203/2 in Cw1+w2(513)
w1 +w2 ~ 3M +N2+1202
B (SIS) = C[CZa Cs, M1a N1]/( M3N1 _1_02,\/’1 Ni — 9¢c3 My
M Mo + coMo + 3csMy,
M +w2(513) C[Cg, c3, My, MQ]/ M4 + 4coM2 + 3M2,
M1M +963M2—02M —402M1

-1 =12 ) +12 41

Figure: big and medium skeleton over baryon octet
@ ~» polynomial relations between I3 and Y in baryon octet
Y(2l3-1)(2k+1)=0
41 +3lgY? —4l3 =0
16l; — 1615 +3Y2 =0



Nerves and crystals in big algebra



Nerves and crystals in big algebra

@ hp €ty C tg in dominant Weyl chamber



Nerves and crystals in big algebra

@ hp €ty C tg in dominant Weyl chamber
o fordcl:={ay,an,...,an_1}



Nerves and crystals in big algebra

@ hp €ty C tg in dominant Weyl chamber
o ford cl:={ay,ao,...,an1} face of dominant Weyl chamber:
f)‘_{_ ={y e DR|CK,'(/\/) >0ifiedand CZ,'(X) =0ow.}



Nerves and crystals in big algebra

@ hp €ty C tg in dominant Weyl chamber

o ford cl:={ay,ao,...,an1} face of dominant Weyl chamber:
b‘_{_ ={y e lea/,-(/\/) >0ifiedand CZ,'(/\/) =0ow.}
hy = pryy (ho) orthogonal projection to by



Nerves and crystals in big algebra

@ hp €ty C tg in dominant Weyl chamber

o ford cl:={ay,ao,...,an1} face of dominant Weyl chamber:
b‘_{_ ={y e DR|CL','(/\/) >0ifiedand CZ,‘(/\/) =0ow.}
hy = pryy (ho) orthogonal projection to by

Iy = hohy C br real segment connecting hy and hy



Nerves and crystals in big algebra

@ hp €ty C tg in dominant Weyl chamber

o ford cl:={ay,ao,...,an1} face of dominant Weyl chamber:
b‘_{_ ={y e lea/,-(/\/) >0ifiedand CZ,‘(/\/) =0ow.}
hy = pryy (ho) orthogonal projection to by
Iy = hohy C br real segment connecting hy and hy

o J-nerveis the real curve n, := ;" (j) C Spec(8*)



Nerves and crystals in big algebra

@ hp €ty C tg in dominant Weyl chamber

o ford cl:={ay,ao,...,an1} face of dominant Weyl chamber:
b‘_{_ ={y e lea/,-(/\/) >0ifiedand CZ,‘(/\/) =0ow.}
hy = pryy (ho) orthogonal projection to by

Iy = hohy C br real segment connecting hy and hy
o J-nerveis the real curve n, := ;" (j) C Spec(8*)
for m, : Spec(B*) — Spec(HZ') = b//W



Nerves and crystals in big algebra

@ hp €ty C tg in dominant Weyl chamber

o ford cl:={ay,ao,...,an1} face of dominant Weyl chamber:
b‘_{_ ={y e bRkM,'(X) >0ifiedand CZ,‘(/\/) =0ow.}
hy = pryy (ho) orthogonal projection to by

Iy = hohy C br real segment connecting hy and hy
o J-nerveis the real curve n, := ;" (j) C Spec(8*)
for m, : Spec(B*) — Spec(HZ') = b//W

@ monodromy along nya) ~ Spec(8; )(C) — Spec(B’,‘”w))(C)



Nerves and crystals in big algebra

@ hp €ty C tg in dominant Weyl chamber
o ford cl:={ay,ao,...,an1} face of dominant Weyl chamber:
b‘_{_ ={y e bRkl,'(/\/) >0ifiedand (Z,'(/\/) =0ow.}

hy = pryy (ho) orthogonal projection to by
Iy = hohy C bg real segment connecting ho and hy
o J-nerveis the real curve n, := ;" (j) C Spec(8*)
for m, : Spec(B*) — Spec(HZ') = b//W
@ monodromy along nya) ~ Spec(8; )(C) — Spec(B’,‘H

+ height function (M1)s, : Spec(8}, )(C) — Z

)(©)

aj}



Nerves and crystals in big algebra

@ hp €ty C tg in dominant Weyl chamber

o ford cl:={ay,ao,...,an1} face of dominant Weyl chamber:
b‘_{_ ={y e bRkl,'(/\/) >0ifiedand (Z,'(/\/) =0ow.}
hy = pryy (ho) orthogonal projection to by
Iy = hohy C br real segment connecting hy and hy

o J-nerveis the real curve n, := ;" (j) C Spec(8*)
for m, : Spec(B*) — Spec(HZ') = b//W

@ monodromy along nya) ~ Spec(8; )(C) — Spec(B’,‘H
+ height function (Mi)n, : Spec(8}, )(C) » Z~
oriented graph on set Spec(8), )(C)

)(©)

aj}



Nerves and crystals in big algebra

@ hp €ty C tg in dominant Weyl chamber

o ford cl:={ay,ao,...,an1} face of dominant Weyl chamber:
b‘_{_ ={y e bRkl,'(/\/) >0ifiedand (Z,'(/\/) =0ow.}
hy = pryy (ho) orthogonal projection to by
Iy = hohy C br real segment connecting hy and hy

o J-nerveis the real curve n, := ;" (j) C Spec(8*)
for m, : Spec(B*) — Spec(HZ') = b//W

@ monodromy along nya) ~ Spec(8; )(C) — Spec(B’,‘H
+ height function (Mi)n, : Spec(8}, )(C) » Z~
oriented graph on set Spec(8), )(C)

@ (Halacheva—Kamnitzer—Rybnikov—Weekes 2020) ~»

)(©)

aj}



Nerves and crystals in big algebra

@ hp €ty C tg in dominant Weyl chamber

o ford cl:={ay,ao,...,an1} face of dominant Weyl chamber:
b‘_{_ ={y e bRkl,'(/\/) >0ifiedand (Z,'(/\/) =0ow.}
hy = pryy (ho) orthogonal projection to by
Iy = hohy C br real segment connecting hy and hy

o J-nerveis the real curve n, := ;" (j) C Spec(8*)
for m, : Spec(B*) — Spec(HZ') = b//W

@ monodromy along ny;) ~> Spec(8), )(C) — Spec(8),
+ height function (Mi)n, : Spec(8}, )(C) » Z~
oriented graph on set Spec(8), )(C)

@ (Halacheva—Kamnitzer—Rybnikov—Weekes 2020) ~»

)(©)

aj}

Corollary (Hausel-Rybnikov 2024)

The I-colored oriented graph on Spec(8}, )(C)




Nerves and crystals in big algebra

@ hp €ty C tg in dominant Weyl chamber

o ford cl:={ay,ao,...,an1} face of dominant Weyl chamber:
b‘_{_ ={y e bRkl,'(/\/) >0ifiedand (Z,'(/\/) =0ow.}
hy = pryy (ho) orthogonal projection to by
Iy = hohy C br real segment connecting hy and hy

o J-nerveis the real curve n, := ;" (j) C Spec(8*)
for m, : Spec(B*) — Spec(HZ") = b//W

@ monodromy along ny;) ~> Spec(8), )(C) — Spec(8),
+ height function (Mi)n, : Spec(8}, )(C) » Z~
oriented graph on set Spec(8), )(C)

@ (Halacheva—Kamnitzer—Rybnikov—Weekes 2020) ~»

)(©)

aj}

Corollary (Hausel-Rybnikov 2024)

The I-colored oriented graph on Spec(B’,jo)(C) induced by
monodromy along the nerves ny,,




Nerves and crystals in big algebra

@ hp €ty C tg in dominant Weyl chamber

o ford cl:={ay,ao,...,an1} face of dominant Weyl chamber:
b == {x € brlei(x) > 0if i € J and a;(x) = 0 o.w.}
hy = pryy (ho) orthogonal projection to by
Iy = hohy C br real segment connecting hy and hy

o J-nerveis the real curve n, := ;" (j) C Spec(8*)
for m, : Spec(B*) — Spec(HZ") = b//W

@ monodromy along ny;) ~> Spec(8), )(C) — Spec(8),
+ height function (Mi)n, : Spec(8}, )(C) » Z~
oriented graph on set Spec(8), )(C)

@ (Halacheva—Kamnitzer—Rybnikov—Weekes 2020) ~»

)(©)

aj}

Corollary (Hausel-Rybnikov 2024)

The I-colored oriented graph on Spec(B’,jo)(C) induced by
monodromy along the nerves ny,, determines a structure of a
u-highest weight Kashiwara crystal




Nerves and crystals in big algebra

@ hp €ty C tg in dominant Weyl chamber

o ford cl:={ay,ao,...,an1} face of dominant Weyl chamber:
b == {x € brlei(x) > 0if i € J and a;(x) = 0 o.w.}
hy = pryy (ho) orthogonal projection to by
Iy = hohy C bg real segment connecting ho and hy

o J-nerveis the real curve n, := ;" (j) C Spec(8*)
for m, : Spec(B*) — Spec(HZ") = b//W

@ monodromy along nya) ~ Spec(8; )(C) — Spec(B’;W)(C)
+ height function (Mi)n, : Spec(8}, )(C) » Z~
oriented graph on set Spec(8), )(C)

@ (Halacheva—Kamnitzer—Rybnikov—Weekes 2020) ~»

Corollary (Hausel-Rybnikov 2024)

The I-colored oriented graph on Spec(B’,jo)(C) induced by
monodromy along the nerves ny,, determines a structure of a
p-highest weight Kashiwara crystal, Spec(8), ) — Spec(M;, ) ¢ X*
corresponding to the weight map.




