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Mirror Symmetry

phenomenon first arose in various forms in string theory

mathematical predictions(Candelas, delaOssa, Green, Parkes
1991)

mathematically it relates the symplectic geometry of a
Calabi–Yau manifold Xd to the complex geometry of its mirror
Calabi–Yau Yd

first aspect is the topological mirror test hp,q(X) = hd−p,q(Y)

(Kontsevich 1994) suggests homological mirror symmetry
Db(Fuk(X , ω)) � Db(Coh(Y , I))

(Strominger, Yau, Zaslow 1996) suggests a geometrical
construction how to obtain Y from X

many predictions of mirror symmetry have been confirmed -
no general understanding yet
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SYZ mirror symmetry for Hitchin systems

C smooth, projective, complex curve
G complex reductive group; G∨ its Langlands dual
e.g. PGL∨n � SLn
(Hitchin 1987) (Simpson 1992):
MG moduli space of semi-stable G-Higgs bundles (E,Φ)

E principal G-bundle
Φ ∈ H0(C; ad(E) ⊗ KC) Higgs field

hG : MG → AG := Spec(C[MG]) Hitchin map
proper, completely integrable Hamiltonian system
i.e. fibers Lagrangians with respect to symplectic ω ∈ Ω2(MG)

∃ hyperkähler metric (MG, J) �MDR(G) moduli flat G-bundles
(Hausel, Thaddeus 2003) G=PGLn (Donagi, Pantev 2012)∀G

MDR(G)

hG &&

MDR(G∨)

hG∨xx
AG � AG∨

dual special Lagrangian fibrations⇔ SYZ mirror symmetry
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Topological mirror symmetry

(Hausel, Thaddeus 2003) topological mirror symmetry:
Est (MPGLn ) = Est (MSLn ) stringy Hodge numbers agree
proved for n = 2, 3
”topological shadow of equivalence of derived categories of
coherent sheaves”

(Hausel 2013) { proposes attack on topological mirror
symmetry using (Ngô 2010)’s techniques on the cohomology
of the Hitchin fibration in his proof of Langlands–Shelstead
fundamental lemma

(Gröchenig, Wyss, Ziegler 2020) prove topological mirror
symmetry for all n using p-adic integration

(Gröchenig, Wyss, Ziegler 2020) reprove (Ngô 2010)’s
geometric stabilisation with p-adic integration

(Maulik, Shen 2021) prove topological mirror symmetry using
(Ngô 2010)’s techniques
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geometric stabilisation with p-adic integration

(Maulik, Shen 2021) prove topological mirror symmetry using
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symmetry using (Ngô 2010)’s techniques on the cohomology
of the Hitchin fibration in his proof of Langlands–Shelstead
fundamental lemma
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Enhanced mirror symmetry in the classical limit

(Kapustin, Witten 2007) introduce enhancements

propose branes of type (B,A,A) to be mirror to (B,B,B)

(B,A,A) branes: complex Lagrangians on (MG, ω)
(B,B,B) branes: hyperholomorphic vector bundles inMG∨

(Hitchin 2016) {MU(n,n) ⊂ MGLn – (B,A,A) brane inMGL2n

mirror: Dirac bundle onMSpn
⊂ MGL2n – (B,B,B) brane inMGL2n

(Hausel–Mellit–Pei 2018) { checks mirror of equivariant
Euler form ofMU(1,1) matches Dirac bundle’s onMSp(1)

(Baraglia–Schaposhnik 2016) GR real form of G
MGR ⊂ MG (B,A,A) mirror should have support inMG∨R

⊂ MG∨

where G∨R ⊂ G∨ is the complex reductive Nadler group of GR
conjectural constructions of (B,A,A) - (B,B,B) mirror pairs:
(Biswas–Garcı́a-Prada–Hurtubise 2019)
(Franco–Gothen–Oliveira–Peón-Nieto 2021)
(Franco–Jardim 2022)
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Hecke (t’ Hooft) and Wilson operators

(Kapustin–Witten 2007) proposes t’Hooft and Wilson
operators; in the classical limit:
H

µ
c : Db

coh(MG)→ Db
coh(MG) Hecke operator (B,A,A)

W
µ
c : Db

coh(MG∨) → Db
coh(MG∨)

F 7→ F ⊗ ρµ(E∨)c
Wilson operator (B,B,B)

c ∈ C; µ ∈ X+
∗ (G) = X∗+(G∨) dominant cocharacter;

ρµ : G∨ → GL(Vµ) µ-highest weight representation;
E∨ universal G∨-bundle onMG∨ × C

intertwine S: Hµ
c ◦ S = S ◦Wµ

c

test for OMG∨
∈ Db

coh(MG∨):
H

µ
c (S(OMG∨

)) = Hµ
c (OW+

0
) = S(Wµ

c (OMG∨
)) = S(ρµ(E∨)c)

the Hecke transform of the Hitchin section Hµ
c (OW+

0
) is

supported at a union of Lagrangian upward flows
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Lagrangian upward flows inM

M := MPGLn 3 (E,Φ); Φ ∈ End0(E) ⊗ KC

h : M → A := H0(K2
C) × · · · × H0(Kn

C)
(E,Φ) 7→ det(x − Φ)

Hitchin map

C×

�

M by (E,Φ) 7→ (E, λΦ); semiprojective:
1 MC

×

projective
2 limλ→0 λE exists for every E ∈ M

E ∈ MC
×

{ W+
E

:= {F ∈ M| limλ→0 λF = E} upward flow

(Bialynicki-Birula 1973): W+
E
⊂ M locally closed � T+

E
M

λ∗(ω) = λω{ W+
E
⊂ (M, ω) is Lagrangian

M =
∐
E∈MC

× W+
E

E ∈ MC
×

very stable⇔W+
E

closed⇔ h|W+
E

: W+
E
→ A proper

Motivating Problem: find coordinates s.t.

hE := h|W+
E

: W+
E
→ A

becomes explicit!
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Examples of very stable Higgs bundles

(Laumon 1988) { (E, 0) very stable for generic E
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Multiplicity algebra of hE

multiplicity algebra of hE = (h1, .., hN) : CN � W+
E
→ A � CN:

QhE := C[W+
E
∩ h−1(0)] = C[W+

E
]/(h−1(m0)) =

C[x1, . . . , xN]/(h1, . . . , hN)

notion due to (Arnold et al. 1982)
dim(QhE) < ∞⇔ hE is proper⇔W+

E
⊂ Mn closed

⇔W+
E
∩ h−1(0) = {E} ⇔ E very stable

in this case mE := dim(QhE) is the multiplicity of h−1
E

(0)

as hE is C×-equivariant { C×

�

QhE { QhE =
⊕m

k=0 Qk
hE

s.t.
Qm

hE
� CJac(hE)

Q i
hE
× Qm−i

hE
→ Qm

hE
nondegenerate { Poincaré duality ring∑

i
dim(Q i

hE
)t i =

χC× (Sym(T+∗
E

))

χC× (Sym(A∗)) = mE(t)∈N[t] monic, palindromic

equivariant multiplicity of (Hausel–Hitchin, 2022)

Problem: can we determine QhE explicitly?
(Hitchin 2022) { QhE for E = (E, 0) rank 2, genus 2, 3
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i
dim(Q i

hE
)t i =

χC× (Sym(T+∗
E

))

χC× (Sym(A∗)) = mE(t)∈N[t] monic, palindromic

equivariant multiplicity of (Hausel–Hitchin, 2022)

Problem: can we determine QhE explicitly?
(Hitchin 2022) { QhE for E = (E, 0) rank 2, genus 2, 3



Multiplicity algebra of hE

multiplicity algebra of hE = (h1, .., hN) : CN � W+
E
→ A � CN:

QhE := C[W+
E
∩ h−1(0)] = C[W+

E
]/(h−1(m0)) =

C[x1, . . . , xN]/(h1, . . . , hN)

notion due to (Arnold et al. 1982)

dim(QhE) < ∞⇔ hE is proper⇔W+
E
⊂ Mn closed

⇔W+
E
∩ h−1(0) = {E} ⇔ E very stable

in this case mE := dim(QhE) is the multiplicity of h−1
E

(0)

as hE is C×-equivariant { C×

�

QhE { QhE =
⊕m

k=0 Qk
hE

s.t.
Qm

hE
� CJac(hE)

Q i
hE
× Qm−i

hE
→ Qm

hE
nondegenerate { Poincaré duality ring∑
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i
dim(Q i

hE
)t i =

χC× (Sym(T+∗
E

))

χC× (Sym(A∗)) = mE(t)∈N[t] monic, palindromic

equivariant multiplicity of (Hausel–Hitchin, 2022)

Problem: can we determine QhE explicitly?
(Hitchin 2022) { QhE for E = (E, 0) rank 2, genus 2, 3



Multiplicity algebra of hE

multiplicity algebra of hE = (h1, .., hN) : CN � W+
E
→ A � CN:

QhE := C[W+
E
∩ h−1(0)] = C[W+

E
]/(h−1(m0)) =

C[x1, . . . , xN]/(h1, . . . , hN)

notion due to (Arnold et al. 1982)
dim(QhE) < ∞⇔ hE is proper⇔W+

E
⊂ Mn closed

⇔W+
E
∩ h−1(0) = {E} ⇔ E very stable

in this case mE := dim(QhE) is the multiplicity of h−1
E

(0)

as hE is C×-equivariant { C×

�

QhE { QhE =
⊕m

k=0 Qk
hE

s.t.
Qm

hE
� CJac(hE)

Q i
hE
× Qm−i

hE
→ Qm

hE
nondegenerate { Poincaré duality ring∑
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Hitchin map as spectrum of equivariant cohomology

G complex reductive; EG→ BG universal principal G-bundle;
H∗G :=H∗(BG;C) � C[g]G � C[t]W

G

�

X variety; XG := X × EG/G Borel quotient;
H∗G(X ;C) := H∗(XG;C) equivariant cohomology H∗G-algebra
equivariantly formal⇔ H∗G(X ;C)0 � H∗(X ;C)⇔ H∗G(X) is free
over H∗G ⇒ Spec(H2∗

G (X ;C))→ Spec(H2∗
G ) � t//W is proper

Theorem (Hausel, 2022)

The Hitchin map on the minuscule upward flow W+
k is modelled on

spectrum of PGLn-equivariant cohomology of the Grassmannian

W+
k � Spec(H2∗

PGLn
(Gr(k, n),C))

hk ↓ y ↓

A � Spec(H2∗
PGLn

)

proof by fixed point scheme in Gr(k, n) � Grωk affine Schubert
as in (Hausel–Rychlewicz 2022)
{ multiplicity algebra Qhk � C[h−1

k (0)] � H2∗(Gr(k, n);C)
(Hausel–Hitchin 2021)
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Equivariant cohomology from zero scheme
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Universal bundle of Kirillov algebras

X∗+(G) 3 µ-highest weight rep. ρµ : G→ GL(Vµ)

Cµ := (S(g∗) ⊗ End(Vµ))G � Maps(g,End(Vµ))G

associative, graded S(g∗)G � H∗G-algebra: Kirillov algebra
e.g. M1 := (X 7→ Lie(ρµ)(X)) small operator
(Kirillov 2000) Cµ commutative⇔ ρµ weight multiplicity free;
e.g. minuscule

Theorem (Hausel 2022)

For G � SLn, ωk fundamental ∃ universal bundle of algebra
structure on ρ̃ωk (E)c � Λ̃k (E)c along W+

0 � A modelled on Cωk

Cωk ↪→ End(Λ̃k (E)c)
↑ x ↑

H2∗
SLn

↪→ C[A]
{

SpecC(Cωk ) � SpecA(Λ̃k (E)c)
↓ x ↓

Spec(H2∗
SLn

) � A

construction by applying Kirillov M-operators to Φa

and using cyclicity of Cωk (Panyushev 2004)
k = 1 familiar bundle of algebra structure from BNR corr.
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Minuscule Kirillov algebra

G = SLn, ωk := ΛkCn ∈ X+
∗ (SLn)

A ∈ sln { Λk (tI + A) = tk + tk−1A1 + . . .Ak :Λk (Cn)→ Λk (Cn)
define Mi := (A 7→ Ai) ∈ (Map(g→ End(Λk (Cn)))G � Cωk

e.g. M1 = Lie(ρωk ) small operator
(Λn−k (tI+A))∗ = tn−k + tn−k−1B1 + . . .Bn−k :Λk (Cn)→ Λk (Cn)
define Nj := (A 7→ Bj) ∈ (Map(g→ End(Λk (Cn)))G � Cωk

Mi ,Nj are commuting operators satisfying:
(tk + tk−1A1 + · · ·+ Ak )(tn−k + tn−k−1B1 + · · ·+ Bn−k ) =
det(tI + A)IdΛkCn = (tn + tn−2c2 + · · ·+ cn)IdΛkCn

{ Cωk � 〈M1, . . . ,Mk ,N1, . . . ,Nn−k 〉H∗SLn
� H∗SLn

(Gr(k , n),C)

E0 = O ⊕ K−1 ⊕ · · · ⊕ K1−n and Ea = (E0,Φa) for a ∈ A
Mi(Φa) ∈ H0(End(Λk E0) ⊗ K i) � Hom(K−i ,End(Λk E0)) {
Λ̃k (O⊕K−1⊕· · ·⊕K1−n)⊕ Λ̃k (E0) = Λ̃k (E0)⊕ Λ̃k (E0)→ Λ̃k (E0)

{bundle of algebra structureCωk (Ea)on Λ̃k (E0) = K (k
2)Λk (E0)

e.g. k = 1 { Mi
1(Φa) = Φi

a : K−i → End(E0) { multiplication
(O⊕ K−1 ⊕ · · · ⊕ K1−n) ⊕ E0 = E0 ⊕ E0 → E0 { C

ω1(Ea) on E0

spectral curve Ca := SpecC(Cω1(Ea))⊂Spec(Sym∗(K)) � T∗C
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Minuscule attractor as universal spectral curve

F ∈ π0(MC) { W+
F :=

∐
α∈F W+

α attractor of F , coisotropic

Ek ∈ Fk { F0 � {E0}, Fk � C for k = 1, . . . , n − 1

{ W+
Fk

minuscule attractors { W+
Fk
⊂ M closed { very stable

conjecturally no other very stable attractor

tr : W+
E
→ Spec(〈C[W+

E
]1〉) ⊂ (C[W+

E
]1)∗ � T1

E
W+
E
{

trF : W+
F → N1

F � T∗F trace map
alternatively (Hitchin 2021) θ := iXω, X gen. by C×-action{
θ|W+

E

= 0 { trF : W+
F → T∗F such that θ = tr∗F (θT∗F )

e.g. trFk : W+
k → T∗Fk � T∗C

Theorem (Hausel 2022, conjectured by Bousseau 2022)

(h1, trF1) : W+
F1
→ A × T∗C � universal spectral curve.

In particular, W+
F1
∩ h−1(a) = Ca ⊂ T∗C spectral curve.
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BNR correspondence from mirror symmetry

recall BNR correspondence: (E,Φ) ∈ MSLn

Φn + a2Φn−2 · · ·+ an = 0 for h(E,Φ) = a = (a2, . . . , an) ∈ A⇔
Φi : K−i → End(E) induces an action of Cω1(Ea) on E
⇔ rank 1 sheaf LE/Ca := SpecC(Cω1(Ea)) ⊂ K spectral curve
e.g. LE line bundle when Ca is smooth
E = (E,Φ) ∈ h−1

SLn
(a) such that Ca ⊂ K is smooth

S(OE) should be by FM transform a line bundle on h−1
PGLn

(a)

Theorem (Hausel 2022)

The restriction of the mirror of OE to the standard attractor
E 7→ S(OE)|W

F+
1
∩h−1(a) = LE recovers the BNR correspondence

generalises to ωk { for Higgs bundle (E,Φ) we get medium
Higgs fields Mi(Φ) : K−i → End(Λk (E)) generating an action
of the bundle of algebras Cωk (Ea) � Λ̃k (Ea) on Λk (E) {
rank 1 module on SpecC(Cωk (Ea)) minuscule spectral curve
Cωk

a := SpecC(Cωk (Ea)) ⊂ K ⊕ K2 ⊕ · · · ⊕ K k
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Mirror of equivariant cohomology is Kirillov algebra

(Kapustin–Witten 2007) { S(ρµ(E∨)c) = Hµ
c (OW+

0
)

when G = PGLn and µ = ωk ∈ X∗+(SLn) fundamental{
H

ωk
c (OW+

0
) = OW+

k
sheaf of algebras { its mirror Λ̃k (E∨)c

should aquire a bundle of algebra structure along dual Hitchin
section from fiberwise Fourier-Mukai transform

Theorem (Hausel 2022)

�

Spec(Cωk )� SpecA∨(Λ̃k (E∨)c) � W+
k � Spec(H2∗

PGLn
(Gr(k, n),C))

↓ x ↓ ↓ y ↓

Spec(H2∗
SLn

)� A∨ � A � Spec(H2∗
PGLn

)

�

using (Panyushev 2004)’s Cωk � H2∗
SLn

(Gr(k, n);C)

generalises - partly conjecturally - to all µ ∈ X+
∗ (G)

{ classical limit of geometric Satake
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Motivation for the big algebras

µ ∈ X+
∗ (SLn) highest weight repn. ρµ : SLn → GL(Vµ)

typically Cµ = (S(sln) ⊗ End(Vµ))G is not commutative

Problem: what is the mirror S(ρµ(Ec)) = Hµ
c (OW+

0
) ∈ Db(M)?

to construct a sheaf of algebra structure on ρµ(Ec)
need Bµ ⊂ Cµ big algebra, commutative and cyclic
{ Spec(Bµ)→ Spec(H∗SLn

) models Spec(Hµ
c (OW+

0
))→ A

Hints for the construction:
1 (Rozhkovskaya 2002) describes explicitly Cω1+ω2 (sl3)

(Tai 2014) describes explicitly Cµadj (g) for g simple
they all contain a maximal cyclic commutative subalgebra

2 the center Z(Cµ) ⊂ Cµ

is generated by M-operators of Kirillov
3 reminiscent of Mishchenko-Fomenko integrable systems

maximally Poisson commutative subalgebras in S(g)
generated by iterated derivatives of invariant polynomials
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Construction of the big algebra

{Xi} basis for sln, {X i} dual basis wrt Killing form
D : Cµ → Cµ = (S(sl∗n) ⊗ End(Vµ))G

A 7→
∑

i ρ
µ(X i)

∂(A)
∂Xi

Kirillov-Wei D-operator

ci ∈ C[sln]SLn � H∗SLn
invariant polynomial

tn + c2(a)tn−2 + · · ·+ cn(a) char poly of a ∈ sln
Mi−1 := D(ci) Kirillov’s M-operators medium operators
Mµ := 〈1Vµ ,M1, . . . ,Mn−1〉H∗SLn

⊂ Cµ medium algebra � Z(Cµ)

Bk ,i−k := Dk (ci) ∈ C
µ big operators of age k and degree i − k

Bµ := 〈1Vµ , {Bk ,i−k }k ,i〉H∗SLn
⊂ Cµ big algebra ⊃ Mµ

Theorem ( Hausel–Zveryk, Hausel 2022)

Bµ ⊂ Cµ is commutative, cyclic, finite-free /H∗SLn
and maximal

proof via a universal big algebra B ⊂ (S(g) ⊗ U(g))G as a
Gaudin algebra from (Feigin–Frenkel, 1992)
cyclicity follows from (Feigin–Frenkel–Rybnikov 2006)
in quantization of Mishchenko-Fomenko integrable systems
{ Bµ is some sort of quantum integrable system
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Geometric properties of Bµ

Gr := PGLn((z))/PGLn[[z]] affine Grassmannian of PGLn

Grµ := PGLn[[z]]zµ ⊂ Gr affine Schubert; Grωk = Gr(k , n)
(Bezrukavnikov–Finkelberg 2008) {
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{ graded H∗PGLn
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{ multiplicity algebra Qµ
λ on lime Vµ

λ � IH∗(Wµ
λ)
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0 )� Spec(IH2∗
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Picture of Spec(Bω1(sl3)), its skeleton and quarks

(Panyushev 2004) { Bω1(sl3) � H2∗
SL3

(P2) or Cayley-Hamilton
{ Bω1(sl3) � C[c2, c3,M1]/(M3

1 + c2M1 + c3).

H2∗
SL3

� C[c2, c3] → H2∗
SL2

� C[c2]

(c2, c3) 7→ (4c2, 0)
c2(h0) = −4, c3(h0) = 0

Figure: SpecBω1 (sl3), its skeleton and principal spectrum
principal spectrum can be identified with up,strange,down
quarks in Gell-Mann’s eightfold way
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Skeleton of Spec(B3ω1(sl3)) and baryon decuplet

(Hausel–Rychlewic 2022) {
B3ω1(sl3) � H2∗

SL3
(X3ω1) � H2∗

SL3
((P2)3/S3) �

C[c2, c3,M1,M2]/

(
M4

1 − 6M2
1M2 + 4M2

1c2 − 18M1c3 + 3M2
2 − 6M2c2,

M3
1M2 + M3

1c2 + 3M2
1c3 − 3M1M2

2 + M1M2c2 + 4M1c2
2 − 9M2c3

)

Figure: skeleton over baryon decuplet

{ relations for I3 =
(M1)h0

4 and Y =
(M2)h0

4 in baryon decuplet

I3(Y − 1)(4I23 − 3Y − 4) = 0
16I43 − 24I23Y − 16I23 + 3Y2 + 6Y = 0
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Skeleton of Spec(Bω1+ω2(sl3)) and baryon octet

M1 := Dc2/2, M2 := Dc3/2, N1 := D2c3/2 in Cω1+ω2(sl3)

Bω1+ω2(sl3) � C[c2, c3,M1,N1]/
(

3M2
1 + N2

1 + 12c2,
M3

1N1 + c2M1N1 − 9c3M1

)
Mω1+ω2(sl3) � C[c2, c3,M1,M2]/

(
M2

1M2 + c2M2 + 3c3M1,
M4

1 + 4c2M2
1 + 3M2

2 ,
3M1M2

2 + 9c3M2 − c2M3
1 − 4c2

2 M1

)

Figure: big and medium skeleton over baryon octet

{ polynomial relations between I3 and Y in baryon octet
Y(2I3 − 1)(2I3 + 1) = 0
4I33 + 3I3Y2 − 4I3 = 0
16I43 − 16I23 + 3Y2 = 0
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Nerves and crystals in big algebra

h0 ∈ t+ ⊂ tR in dominant Weyl chamber
for J ⊂ I := {α1, α2, . . . , αn−1} face of dominant Weyl chamber:
hJ+ := {χ ∈ hR|αi(χ) > 0 if i ∈ J and αi(χ) = 0 o.w.}
hJ = prhJ+(h0) orthogonal projection to hJ+
lJ = h0hJ ⊂ hR real segment connecting h0 and hJ

J-nerve is the real curve nJ := π−1
µ (lj) ⊂ Spec(Bµ)

for πµ : Spec(Bµ)→ Spec(H2∗
G ) � h//W

monodromy along n{αi } { Spec(Bµh0
)(C)→ Spec(Bµh{αi }

)(C)

+ height function (M1)h0 : Spec(Bµh0
)(C)→ Z{

oriented graph on set Spec(Bµh0
)(C)

(Halacheva–Kamnitzer–Rybnikov–Weekes 2020) {

Corollary (Hausel–Rybnikov 2024)

The I-colored oriented graph on Spec(Bµh0
)(C) induced by

monodromy along the nerves n{αi } determines a structure of a
µ-highest weight Kashiwara crystal, Spec(Bµh0

)→ Spec(Mµ
h0

) ⊂ X∗

corresponding to the weight map.
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