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MacMahon on tournaments in 1923

AN AMERICAN TOURNAMENT TREATED BY
THE CALCULUS OF SYMMETRIC FUNCTIONS.

By Major P. A. MacMAHON.

Part 1.

1. IN a tournament of n players, where each player
plays every other player, there are 4n (n—1) games.

Since each game may be won or lost there are 28} events
and I propose to analyse them by means of the powerfal
calculus of symmetric functions. The final result of the play
is that the players are arranged in a definite order, each with
a certain number of games to his credit. These numbers
constitute a partition of the number in(n—1), and we may

ask how many of the 2¥*™™" events will yield a given partition
of in(n—1) when the players are or are not in an assigned
order.

2. Consider the symmetric function

(al + a:) (al + a:) (at+ al) "'(a-l+ au)
of the n quantities a,, a,, a,, ..., a_.

aﬂ
It involves Lu(n— 15 factors, and the terms, after carrying
out the multiplication, are grouped together in monomial

symmetric functious.
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@ Weyl character formula for gg — End(V*), p = (X4er. )/2

i O\l Swewdet(w)x?e)  Tlaer, (xX*=x7)
Z/IE/\ dlm(v/l)x T Swewdet(w)xwl) T HQER+(XQ/2—X_G/2) =

Hath (Xa/z + X_a/z)
@ {R-tournaments}< {monomial basis inV*}

@ R-score vector= weight in V*
R-score sequence:= dominant weight in V*
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Folding

@ R c ADW finite root system, weight lattice, Weyl group
@ Dynkin diagram automorphism ~ o : A - Ast. o(R) = R
o folding procedure ~» root system R7:=R/o c A? (except Azp)
o defining property: g5, = (a4)” C af
°
R o R 9% C O
P
A2n—1 o - Z:> Bn o0—=0 - o—a=>0 5Pop C SIZH
LD
Az o Cn o o—=== s0apyq C slaniq
o - o—o<i
Dn Cn1 o ° o= s0ppq C sh2p
)
Ds4 N Ga = g2 C s0g
o—o<i:i
E6 F4 o0——a=>o—o0 f4 C ¢eg
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Tournament folding As,_1 ~» B,

@ o:[2n]:={1,...,2n} —> [2n] by o(i) =2n—i
@ orbits [2n]/o:= married couples
@ tournament on [2n] is marriage balanced:
a—b=o(b) - o(a)
@ score vector of m.b. tournament is (si,. .., S2n)
satisfies s; + s, =2n -1
@ score sequence of m.b. tournament: (s] <--- < s, <n-1)

{R? = B, — tournaments} <
{marriage balanced tournaments on [2n]} with generating function:
[T (vi + xi) T<icj<n(Viyj + XiX) (Xi¥) + XiYi)ly=1 = Zaen dim Vix*
{score vectors of m.b. tournaments} < {weights in V*}

{score sequences of m.b. tournaments}—{dominant weights in V*}

@ [2n]OW = S, %< (Z/2)" c Sz, preserving couples
@ games between spouses correspond to short roots of B,
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Figure: skeleton of M®1+2(sl3) and 8“1 ™“2(sl3) over principal spectra
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Figure: big and medium skeleton over baryon octet
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